We define for any 4-tetrahedron (4-simplex) the simplest finite closed piecewise flat manifold consisting of this 4-tetrahedron and of the one else 4-tetrahedron identical up to reflection to the present one (call it bisimplex built on the given 4-simplex, or two-sided 4-simplex). We consider arbitrary piecewise flat manifold. Gravity action for it can be expressed in terms of sum of the actions for the bisimplices built on the 4-simplices constituting this manifold. We use representation of each bisimplex action in terms of rotation matrices (connections) and area tensors. This gives some representation of any piecewise flat gravity action in terms of connections. The action is a sum of terms each depending on the connection variables referring to a single 4-tetrahedron. Application of this representation to the path integral formalism is considered. Integrations over connections in the path integral reduce to independent integrations over finite sets of connections on separate 4-simplices. One of the consequences is exponential suppression of the result at large areas or lengths (compared to Plank scale).
Introduction
Recently one often considers a modification of the genuine Regge calculus (RC) [1] where the same edge can have different lengths depending on the 4-simplex where it is defined, e. g., the so-called area RC [2, 3] . If we invoke description of the RC in terms of tetrad and connection [4] , it is natural to study analogous modification in the connection sector. Can connection on the 3-simplex depend also on the 4-simplex containing it? If variables are divided into independent sets referred to separate 4-simplices, the theory is more simple. An idea is to apply connection representation separately to the (properly specified) contributions to the action of the different 4- tetrahedra.
An idea of how to specify contribution from separate 4-simplices admitting the connection representation can be illustrated by the 2-dimensional case. Consider 2-simplex (triangle) and closed (strongly curved) surface consisting of both sides of this triangle viewed as different 2-simplices. Call it (two-dimensional) bisimplex. Evidently, the angles of the triangle can be expressed in terms of the defect angles of the bisimplex.
Analogously, hyperdihedral angles of any 4-tetrahedron can be expressed in terms of the defect angles of the bisimplex consisting of only two 4-tetrahedra with mutually identified vertices. These can be viewed as different sides of the same 4-tetrahedron.
The Regge action of arbitrary simplicial spacetime is combination of actions of the bisimplices constructed by this method from separate 4-simplices. The action of the bisimplex can be written in the connection representation using some connection orthogonal rotational matrices as independent variables. This representation is considered in Section 2. The representation of the full gravity action is then obtained in Section 3 as linear combination of the representations of the actions for bisimplices built on separate 4-simplices.
The connection variables are generally arbitrary orthogonal matrices, but on the equations of motion the curvature matrices formed of these should have physical sense of rotations in the local frame of the 4-simplex around its two-dimensional faces (triangles) by hyperdihedral angles of the 4-simplex at these triangles (more accurately, by 2π − 2 · (hyperdihedral angle)). There is no need in the explicit presence of the above bisimplices in general simplicial complex. Sufficient is that the Regge action for the general simplicial spacetime consists of the terms which can be interpreted as actions for bisimplices built on separate 4-simplices. Therefore all these terms and thus this Regge action are represented using new variables having possible geometrical sense of rotations by hyperdihedral angles. The sense of this representation is that on the equations of motion for the rotational variables it is just the Regge action in terms of the purely edge lengths.
The use of the representation studied is shown in the path integral formalism in Section 4. Integrations over connections reduce to independent integrations over finite sets of connections on separate 4-simplices and are analyzable. One of the consequences is exponential suppression of the path integral at large areas or lengths. This means suppression of the physical amplitudes with large areas/lengthgs. This is important for the consistency of the simplicial minisuperspace description of spacetime which should be close to the continuum one at large scales.
The connection representation includes 'arcsin' functions which serve to express the hyperdihedral angles which normally are not small. Therefore it is necessary to define proper branches of the 'arcsin' functions. This implies division of the whole region of variation of the edge lengths into certain sectors. Section 5 considers typical example of the simplicial structure. Considered is the region of variation of the edge lengths which contains zero curvature physical configuration as a particular case. Analytical form of the representation studied is specified and expressed in terms of combination of the principal value of 'arcsin' functions together with terms which are constants different in the different sectors. These terms are important for possible integration over edge lengths in the path integral and do not influence on the integrations over connections of Section 4.
Bisimplex
Given 4-simplex σ 4 , consider the above mentioned bisimplex, simplest simplicial complex △ ∇ built of only two 4-simplices, the vertices of which are mutually identified, σ 4 and identical to it, up to reflection w.r.t. any 3-face, 4-simplex σ 4′ . Let us write Regge action for the bisimplex constructed of the given 4-simplex σ 4 ,
Here α σ 2 σ 4 is hyperdihedral angle of the 4-simplex σ 4 at the 2-face σ 2 , A σ 2 σ 4 is the area (either real or imaginary) of the triangle σ 2 in the 4-simplex σ 4 .
Invoking the notion of discrete tetrad and connection first considered in Ref. [4] we have suggested in Ref. [5] representation of the minisuperspace Regge action in terms of area tensors and finite rotation SO(4) (SO (3, 1) in the Minkowsky case) matrices, and also in terms of (anti-)selfdual parts of finite rotation matrices. The latter is based on the decomposition of SO(4) as SU(2) × SU(2) (more accurately, modulo the element (-1,-1)) or SO(3)×SO(3) (more accurately, plus the same times the element -1 of SO (4)).
Then SO(3,1) element is representable by two mutually complex conjugated elements of SU(2) or SO(3) with complex parameters (that is, of SU(2,C) or SO(3,C)). For definiteness, one might imply the following notations and sign conventions concerning splitting the tensors into (anti-)selfdual parts in the Minkowsky spacetime. Suppose there is SO(3,1) matrix,
Its generator is expanded over the set of independent generators,
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ǫ abcd A ab B cd for the two matrices A, B. The ± -parts map into three-dimensional vectors
For a bivector 2
. Additional overall i compared to usual definition of the area vector (real for the spacelike area) is here due to the fact that v ab is dual area tensor. Besides that,
The ± v 2 is (−1) times the square of the (real for the spacelike triangle) area. The SU(2) representation for ± Ω (6) means the SO(3) rotation in the space of
The considered SU(2) × SU(2) representation in terms of (anti-)selfdual parts of finite rotation matrices can be written for the considered manifold as
Here The superscript SU(2) means that ± v can be viewed as 2 × 2 antisymmetric matrix, and ± R as SU(2) matrix (to be precise, SU(2,C) in Minkowsky case). This is fundamental SU(2) representation. Also adjoint, SO(3) × SO(3) representation is of interest for us,
Here ± R σ 2 σ 4 is SO(3) matrix (to be precise, SO(3,C) in Minkowsky case); for a 3-vector v and a 3 × 3 matrix R we have denoted v * R ≡ Therefore we can write C = 1 + i/γ where the discrete analog of γ is denoted by the same letter. Thus
In the considered case of bisimplex
Rewrite (12), (13) Here {. . . } denote (sub)set, here of the vertices 0, 1, 2, 3, 4. Denote a 2-face in the same way as the opposite edge,
It is convenient to define the variables v, R on the ordered pairs of vertices ik,
Evidently,
(these are the Bianchi identities [1] on the triangles with common edge ({01234} \ {ikl})). As independent curvature matrices we can choose
, that is, the curvature on the 2-faces of the tetrahedron (1234). With the shorthand v α ≡ v 0α the actions (12), (13) read
The matrix R α solves the equations of motion for connections if it is the rotation by an angle (2π − 2α σ 2 σ 4 ) around a 2-face ({01234} \ {0α}) where α σ 2 σ 4 is hyper-dihedral angle of the considered 4-simplex at this 2-face. Apart from the four R α s, one of the matrices Ω, say Ω 0 , can be taken as fifth, purely gauge connection variable absorbing the rotations of the local frame.
Some non-standard feature of the considered representations is their nonperturbative nature. Matrices Ω, R cannot be considered as all of these close to unity because bisimplex is strongly curved manifold.
Representation of arbitrary Regge action from representation of bisimplex action
Important is that according to formula (1) we also have connection representation for the following combination,
for the given 4-simplex σ 4 . On the other hand, the same combinations appear in the Regge action for any collection of the 4-simplices,
where N σ 2 is the number of the 4-simplices meeting at σ 2 . Here S △ ∇ (σ 4 ) can be substituted by expression (14) where 
Application to path integral formulation
Let us write out a discretized functional integral exp(iS)Dq, q are field variables (some factors of the type of Jacobians could also be present). Suppose we are interested in the result of integration over connections as function of area tensors. Of course, different (components of) area tensors are not independent, but nothing prevent us from studying analytical properties in the extended region of varying these area tensors as if these were independent variables. This result splits into separate factors corresponding to integration over connection matrices Ω σ 3 σ 4 in the separate 4-simplices σ 4 , exp(iS)
Each such factor is certain function of area tensors in the given 4-simplex proportional to (in the case of SO(3) × SO(3) representation)
after reducing 'Arcsin's to the principal values 'arcsin's and, probably, redefining
v αβ as considered in Section 5. We have taken into account that
and have divided by the volume of gauge group by omitting DΩ 0 . Here
where
angle parameter (6), here of the rotation R, and definition of the integration element for complex values,
Compare N ({v α }, {v αβ }) with the expression following from (22) (In this procedure, the SU(2) × SU(2) version of Eq. (22) gives the same.) We get
where δ-functions of complex values have sense as
. That is, we pass from the nonlinear manifold SO(3,1) to its 
so-called moments. Let us use the calculational model with the function 'arcsin' in the action being linearized. To define (26), we first integrate exp(iS) over α d
then over α DR α . Upon first integration we get the product of (the derivatives of) the δ-functions
Occurrence of the support of this at zero were additionally inserted into the definition of moment, this integration would lead to singularity of the type of δ 6 (0), In more detail, N is exactly calculable for zero v αβ s when the N factorizes into functions of separate v α s,
In the calculational model with linearized 'arcsin' we get for N 0 , in accordance with SO(4) = SO(3) × SO(3) (more accurately, plus the same times the element −1 of SO(4)), the square of the (analytically continued in proper way) suppression factor for the length l in SO(3) gravity [10] . The latter was defined from knowing edge expectation values, i. e. its moments. It turns out to be proportional to Ki 1 (l)/l,
At
The above exponential suppression over areas can be illustrated by the model inte-
Here √ −v 2 is modeling module of the spacelike area, ψ is modeling Lorentz boost angle.
This behaves as exp(− √ −v 2 ) at large v 2 . Nonzero γ −1 mixes spacelike and timelike area components and leads to exponential suppression also in the timelike region.
The N 0 (v) with exact function 'arcsin' can be exactly computed and is exponentially suppressed at large | ± v 2 | as well [11] . Due to the oddness of 'arcsin', a moment (26) can be reduced to include integrations over new variables, which are areas ± v 2 α with sign. Integration over these just give (the derivatives of) the δ-functions of both 'arcsin' functions in Eq. (22) which being further integrated allows to define the moment.
In the case of SU(2) × SU(2) representation some more complicated expressions for N can be written explicitly in the form of absolutely convergent exponentially suppressed integrals. Suppose we define integral over connections as function of area tensors from knowing its moments, i. e. integrals with products of area tensor components. Then this integral can be obtained in simple way from the formal expression of the Euclidean version of this integral by deforming integration contours over
φ into complex plane in certain way [12] . Namely, we write 
The azimuthal angle of ± φ is deformed as
The polar angle ± χ remains unchanged. For the SU(2) × SU(2) modification of (30) and in the calculational model with linearized 'arcsin',
we write
as the result of continuation to
There analytically continued unit vector of the rotation ± n providing the lowest value in the exponential is
−1/2 with certain sign. Generally it can be written as
In the physical case, Im
Relative to ± n (0) , the ± n is parameterized in the spherical coordinates in usual way,
Here ± e 1 , ± e 2 are the two unit vectors constituting with
Generally we have in the exponential also a scalar part
so that
So we have combination of cos( 
Calculation shows that the result (36) gets naturally generalized by replacing
. Using this, consider the 4-simplex with one of the edge, say (40), small so that we can take v 23 = 0, v 1 ≡ v 01 = −v 41 , . . . cycle perm (1,2,3) . . . . In the calculational model with linearized 'arcsin' the N takes the form
Applying the above considered deformation of integration contours we get
χ α through R α parameterized by these as above considered, 1,2,3) . . . The measure is usually considered as determinable up to a power of − det g λµ . (In fact, the first principles allow to fix the measure up to a power of − det g λµ [14, 15] .)
Specifying analytical form of the representation
Generally, when defining quantum amplitude of transition between the two threedimensional geometries in the simplicial framework, we should sum over all simplicial four-dimensional geometries interpolating between these two as over paths in the path integral. Of these simplicial geometries those ones with arbitrarily small edge lengths can arbitrarily accurately approximate the usual smooth geometries. So we do not lose essential continuum degrees of freedom and such properties as the diffeomorphism symmetry typical for the continuum should be restored in exact analysis. In practical calculations summation over all simplicial structures is recently technically unachievable, and we need to specify simplicial structure to work with.
Here we express considered in the present paper representations for action in terms of principal values of 'arcsin' function. Assuming simple periodic simplicial structure as basic example, the whole region of variation of edge lengths gets divided into different regions in which the action is combination of the 'arcsin' functions together with terms which are constants different in the different regions. These terms are important for possible integration over edge lengths in the path integral. These regions are particularly specified by performing triangulation consistent with the standard canonical quantization scheme using Schwinger time gauge.
Consider the simplest periodic simplicial structure used in [17] 
It is known that as the minimal dihedral angle of a simplex is better bounded away from zero, the conditions for closeness between the continuum and discrete manifolds are better [16] . It is seen that the minimal dihedral angle is largest at λ = −1/3, when this angle is π/3 (the 3-cubic lattice is shrunk along the body diagonal, so that we have rather parallelopipeds than cubes).
Above specifying simplicial geometry we define ranges 
The angles (55) are real ones on the triangles (014), (024), (034). In the three-dimensional section, these rotations correspond to the rotations by the usual Euclidean angles around the edges. The identity (55) is valid in the region π/4 < α 1(024)3 < 3π/4, . . . 2 cycle perm (1,2,3) . . . .
In the neighborhood of the point in the configuration superspace where the lapse-shift is orthogonal to the flat three-dimensional section, the considered hyperdihedral angles are close to the corresponding dihedral angles in the three-dimensional section (50), In thus defined region of edge lengths in the configuration superspace the action attributed to the given 4-simplex (01234) takes the form
The number of the 4-simplices sharing the triangles, e. g. for the 4-simplex (01234) built of the tetrahedron (1234) of fig.1 and of lapse-shift (40) is N (041) = 6 = N (043) ,
Relevant to the SU(2) × SU(2) representation identities for all the considered types of the angles can be written in the form
.
Here α 23 is a shorthand for α 2(014)3 etc. The α ik in the RHS are implied to be functions of the edge lengths, and the whole region of variation of the edge lengths is divided into sectors in which sign functions keep their values. Some new feature of the SU (2) × SU(2) representation is ambiguity of the signs sgnRe(α − π/2) in ± S SU(2) for the angles (51) of the type π/2 + iη. Ambiguity arises because arcsin z is here on the cut Imz = 0, z 2 > 1, where it undergoes discontinuity. A way to fix these signs consistently might be to add to the lengths some infinitely small imaginary parts ±i0. The piecewise constant terms added to 'arcsin's, different in the different sectors of edge length variation, lead to combination of areas added to action and should be taken into account when considering path integration over lengths. These terms reflect nonperturbative nature of the considered representations.
Conclusion
An attractive feature of the considered representations is that these allow to deal with comparatively simple simplicial gravity action instead of that one in terms of edge lengths only, with complicated trigonometric expressions. This is achieved by introducing additional rotational variables, but the dependence on these is simple and splits over separate terms in the action referred to separate 4-simplices.
In the path integral formalism, this leads to additional integrations over rotations, 
